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The manufacture of advanced composite panels with variable ﬁbre angles can lead to laminates with a
ﬂat proﬁle on one side and a smooth, curved proﬁle on the other. When modelling these laminates in
two-dimensional form the ﬂat plate assumptions may no longer accurately capture the structural behav-
iour. In this paper the buckling behaviour of laminates with one-dimensional ﬁbre variations and sym-
metric stacking sequences is investigated. The assumptions of modelling the three-dimensional proﬁle
as a ﬂat plate or a cylindrical panel are assessed, taking into account the effects of transverse shear defor-
mation. The governing differential equations are solved in the strong form using the Differential Quadra-
ture method and validated by 2D ﬁnite element models. The validity of the two modelling approaches is
assessed by comparing the solutions to a 3D ﬁnite element model capturing the actual shape of the lam-
inate. It is suggested that the buckling event of these variable angle tow, variable thickness laminates is
characterised more accurately by ‘‘shell-like’’ than by ‘‘plate-like’’ behaviour. The idea of investigating the
effects of two-dimensional ﬁbre orientations with their associated doubly curved topologies is proposed.
 2013 The Authors. Published by Elsevier Ltd. Open access under CC BY license.1. Introduction buckling load are similar to those for minimising the transverse dis-The idea of tailoring the structural performance of composite
laminates by spatially varying the point-wise ﬁbre orientations over
the planform has been explored since the early 1990s. For example,
thework byHyer and Lee [1] andHyer and Charette [2] showed that
such variable angle tow (VAT) laminates can improve the stress con-
centration around holes by arranging the ﬁbres in the direction of
critical load paths. In recent years the use of ﬁbre re-inforced com-
posites in primary aircraft structures has led to increased interest
in VAT technology. Numerous works have shown that tailoring the
in-plane stiffness of a plate allowspre-buckling stresses to be re-dis-
tributed to supported regions and thereby improve the buckling
behaviour [3–7]. In this manner VAT technology has been shown
to improve the buckling performance of a composite fuselage win-
dow section by 12% compared to an equivalent straight-ﬁbre lami-
nate [8] and alleviate the pressure pillowing of fuselage sections
[9]. Recent results byWu et al. [10] show that VAT plateswith linear
ﬁbre variations can be designed to exhibit smaller stiffness reduc-
tions in the post-buckling regime than their straight-ﬁbre counter-
parts. Besides, the optimum ﬁbre orientations for increasing theplacement in the post-buckling regime [11].
Currently, the major technology for manufacturing VAT lami-
nates is the automated ﬁbre placement (AFP) technique developed
since the 1980s. AFP uses a robotic ﬁbre placement head that
deposits multiple pre-impregnated tows of ‘‘slit-tape’’ allowing
cutting, clamping and restarting of every single tow. While the ro-
botic head follows a speciﬁc ﬁbre path, tows are heated shortly be-
fore deposition and then compacted onto the substrate using a
special roller. Due to the high ﬁdelity of current robot technology
AFP machines can provide high productivity and handle complex
geometries [12]. However, in AFP steering is accomplished by
bending the tows of ﬁbres in-plane, which leads to local ﬁbre buck-
ling on the inside radii of the curved tow and thus limits the steer-
ing radius of curvature [13]. Furthermore, if individual tows are
placed next to each other by shifting the reference path along a
speciﬁc direction, tow gaps and overlaps are inevitably required
to cover the whole surface. To overcome the drawbacks of AFP
the continuous tow shearing technique (CTS) was developed which
uses shear deformation to steer ﬁbres at the point of application
[14]. This technique not only allows much tighter radii of curvature
but tow gaps and overlaps are also avoided by tessalating tows on
the substrate [14]. One feature of CTS is that in order to maintain
the volume fraction of ﬁbre the thickness of a tow inherently in-
creases as it is sheared. The relation between unsheared tow thick-
ness t0 and sheared tow thickness th is
th ¼ t0cos h ð1Þ
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ness of a ply may locally increase by a factor of 4 if the ﬁbre tow
is sheared through an angle of 75. As the laminate is cured on a tool
plate one side of the laminate remains ﬂat while the other resem-
bles a curved panel as depicted in Fig. 1. The effects of this one-
sided thickness proﬁle in terms of local three-dimensional stress
ﬁelds or buckling behaviour is currently unexplored.
Furthermore, since composite laminates are more affected by
transverse shear effects than isotropic materials [15,16] these local
areas of increased thickness make predictions of the buckling
behaviour using Classical Laminate Analysis (CLA) [17] overly con-
servative. Buckling optimisation algorithms using the Finite Ele-
ment method (FEM) can become computationally expensive, and
do not readily shed physical insight into the fundamental mecha-
nisms in which these thickness variations could inﬂuence the
buckling behaviour. In fact, there is an inherent need in the aero-
space industry for rapid yet accurate analysis tools to aid in preli-
minary design studies. For this reason a reduced 2D equivalent
single-layer formulation for the ﬂexural behaviour of VAT plates
incorporating transverse shear effects was developed [18]. The
model accurately predicts global bending and buckling behaviours
up to thickness to length ratios of 1:10 while restricting the num-
ber of unknowns to only four variables to enhance computational
efﬁciency. It was shown that CLA predictions result in discrepan-
cies in excess of 15% for thickness to length ratios of 1:20. Thus,
considering the extent of thickness variation possible using CTS,
transverse shear effects need to be incorporated if the spatial ﬁbre
distribution is to be optimised accurately for buckling and post-
buckling behaviour.
In this work, the elastic stability of VAT panels with linear ﬁbre
variations manufactured using the CTS technique is analysed using
two different approaches. The aim is to compress the three-dimen-
sional shape of the laminate as seen in Fig. 1 onto an equivalent
single layer. However, due to the differences in topology between
the top and bottom surfaces the shape of the chosen referenceLX
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Y
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Fig. 1. CTS manufactured 0h0j70i layer with reference path shifted in the Y-
direction showing ﬁbre orientations and thickness variations. The 3D structure can
be compressed onto an equivalent single layer resembling either a cylindrical shell
(Curve 1) or a non-symmetric ﬂat plate (Curve 2).plane is not immediately obvious. First, the VAT panel is assumed
to behave as a ﬂat, non-symmetric plate and the aforementioned
2D equivalent single-layer formulation is applied to solve the
buckling problem. Second, and the major novelty of this work, is
to assume that the smooth thickness variations cause the structure
to behave more like a curved panel, in which case the equilibrium
equations of cylindrical shells must be used.
This premise creates the opportunity for interesting optimisa-
tion studies since non-prismatic ﬁbre variations cause the curved
side of the VAT panel to take on more complex, doubly-curved
shapes. In this case the need for using the most general set of shell
kinematics may reveal different and perhaps enhanced buckling
solutions compared to previous surveys based on ﬂat plates
[5,6,8,9]. Furthermore, the relatively shallow curvature produced
by the thickness variations suggests that the unstable nature of
shell post-buckling paths may be contained to a large extent. Thus,
the idea of a structure with higher ‘‘shell-like’’ buckling loads in
conjunction with stable ‘‘plate-like’’ characteristics in the post-
buckling regime is suggested. For the purposes of this paper we
are solely interested in solving the buckling problem of VAT panels
with prismatic ﬁbre variations that cause cylindrical shapes of the
reference surface. Buckling and post-buckling studies of more gen-
eral VAT panels as discussed above will be the topic of future work.
A large number of studies regarding the solution of von
Kármán’s non-linear differential equations for the postbuckling
behaviour of plates using either energy methods [19–22] or Fou-
rier-series expansions [23,24] were published in the early to
mid-part of the 20th century. In the present work, the perturbation
technique demonstrated by Stein [25] for rectangular isotropic
plates and later developed by Chandra and Raju [26] for symmet-
rically laminated, orthotropic plates is applied. In this technique
the non-linear differential equations are reduced to an inﬁnite
set of linear differential equations by expanding the unknown
functional ﬁelds in a power series of an arbitrary perturbation
parameter about the point of buckling. The solution of the ﬁrst
equation of the inﬁnite set provides the pre-buckling stresses in
the structure, while the eigenvalues and eigenmodes of the second
equation yield the buckling loads and modes. Finally, succeeding
equations beyond this point relate to large-deﬂection postbuckling
solutions.
The rest of the paper is laid out as follows. Section 2 brieﬂy de-
scribes the theoretical background of the aforementioned 2D
equivalent single-layer model and outlines the governing equa-
tions needed to model the laminate as a shell. Furthermore, the
perturbation technique for solving the ensuing non-linear shell
equations is presented in more detail. In Section 3, the governing
equations are solved in the strong form for various load and
boundary conditions. The analytical results are validated by 2D
FEM and 3D FEM techniques and the accuracy of the ‘‘plate-like’’
and ‘‘shell-like’’ modelling approaches discussed over a range of
realistic ﬁbre trajectories. Finally, conclusions are drawn in
Section 4.
2. Theory
2.1. Modelling of variable thickness cross-section
Linear ﬁbre variations in one direction only (i.e prismatic varia-
tion) can conveniently be deﬁned by the notation h = /hT0jT1i,
where / denotes the rotation of the ﬁbre path with respect to
the x-axis, while T0 and T1 are the ﬁbre angles at the ply centre
and a characteristic length d from the centre respectively [3]. To ﬁll
the planform the ﬁbre trajectories are then shifted perpendicular
to the steering direction /. A 0h0j70i VAT layer is drawn schemat-
ically in Fig. 1.
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laminate now resembles a ﬂat plate on one side and a cylindrical
shell of varying radius of curvature on the other. If this 3D structure
is compressed onto an equivalent single-layer coincident with the
mid-plane of the thickness at each point, the reference layer will
resemble a cylindrical shell (Curve 1 in Fig. 1). Alternatively the
hypothesis is made that the VAT laminate continues to behave as
a ﬂat platewith the reference surface coincidentwith themid-plane
of the nominal (unsheared) laminate thickness (Curve 2 in Fig. 1).
Thus, the equivalent single-layer is assumed to behave as a non-
symmetric laminate in areas of increased thickness even if the nom-
inal stacking sequence is symmetric. In this workwe do not attempt
to solve the coupled stretching–bending problem of the non-sym-
metric plate but use the more straightforward, albeit less accurate
technique, of substituting the reduced stiffness matrices A⁄ = -
A  BD1B and D⁄ = D  BA1B [27], and reduced ﬂexibility matrix
d ¼ D1 into the equations for a symmetric laminate derived in
Section 2.2. The applicability of these two modelling approaches
is validated by comparing the results to 3D FEM solutions.
2.2. Equivalent single-layer plate model with transverse shear effects
The equivalent single-layer plate model of the 3D structure, as
depicted in Fig. 2, including the effects of transverse shear defor-
mation is derived in detail in [18]. The linear variations of in-plane
stresses ~rk ¼ ðrxk ryk rxyk ÞT through the thickness of each ply with
bending moments ~M ¼ ðMx My MxyÞT as deﬁned in CLA, are re-
tained. For a symmetric laminate the stresses in each ply k are
~rk ¼ Q kzd~M ð2Þ
where Q k is the transformed stiffness matrix of each ply k and d is
the bending ﬂexibility matrix of the complete laminate.
Thus, no formal assumption of the displacement variables u, v,
w is made and the curvatures jx, jy, jxy are not explicitly related
to the second partial derivatives of w. The transverse shear stresses
are derived by integrating the in-plane stresses Eq. (2) in Cauchy’s
in-plane equilibrium equations in the thickness z-direction. The
constants of integration are eliminated by enforcing boundary con-
ditions of shear stress continuity at each ply interface and vanish-
ing transverse shear stresses on the top and bottom surfaces.
Consequently, the transverse shear stress proﬁle is deﬁned to be
quadratic in each ply a priori such that a shear correction factor,
as in Mindlin’s FSDT [28], is not required. Thus for a symmetric
laminate the transverse shear stresses ~sk ¼ ðsxz syzÞT for a particu-
lar layer k is given by [29],
~sk ¼ CBkðx; y; zÞ d~M ð3Þ
whereFig. 2. 3D structure condensed to a single layer coincident with the mid-plane
(grey).Bkðx; y; zÞ ¼ 12Qk z
2  z2k1
 þ 1
2
Xk1
j¼1
Qj z2j  z2j1
 
ð4Þ
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By observing Eq. (4) it can be seen that Bk deﬁnes the partial in-
plane/out-of-plane coupling stiffness matrix up to the kth ply under
consideration. This approach of capturing both the in-plane and
transverse shear stresses with just the three moments Mx, My and
Mxy improves the computational efﬁciency compared to many other
enhanced plate models that have been published in recent decades.
For example Higher-Order Shear Deformation Theories (HSDT) ex-
tend the assumption on the deformation ﬁeld (u,v,w) from linear
to a cubic variation in the through-thickness co-ordinate z, thereby
removing the need for a shear correction factor and improving the
accuracy of the tranverse shear strains. A large number of polyno-
mial [30–32], trigonometric [33–37], hyperbolic [38,39] and expo-
nential [40,41] shear functions have been investigated in recent
years. However, these theories assume between 3 (FSDT: w0 and
two rotations) to 7 (Third Order SDT: w0 and six rotations) un-
known variables to represent the deformation ﬁeld. To capture
the discontinuous, Zig-Zag intra-ply deformations this approach
has also been extended to Layer-Wise theories by assuming inde-
pendent displacement ﬁelds for each layer. However, by being for-
mulated on a displacement assumption these theories cannot a
priori guarantee interlaminar continuity for the transverse stresses.
In this respect Murakami’s equivalent single-layer approach [42]
based on Reissner’s Mixed Variational Theorem assuming two inde-
pendent ﬁelds, one for displacements and the other for transverse
stresses, elegantly guarantees transverse continuity and Zig-Zag
behaviours a priori. While the equivalent single-layer model in this
paper cannot capture Zig-Zag effects nor accurate local 3D stresses
for very thick laminates, it is similar in accuracy to HSDT for mod-
erately thick laminates with the added beneﬁt of guaranteeing
interlaminar continuity and reduced number of variables.
Equilibrium equations for a VAT panel in pure bending are de-
rived using the Hellinger–Reissner mixed variational principle. By
deﬁnition the total potential energy of the 3D system is given by,
P ¼ 1
2
ð~rT~þ~sT~cþ rzzÞdxdydz ðrnun þ snsus þ snzwÞdsdz ð5Þ
The variation of the functionalPmust vanish in such a manner that
transverse equilibrium is satisﬁed. The shear stress resultants Qx
and Qy are related to the transverse load intensity p by the conven-
tional transverse equilibrium equation,
@Qx
@x
þ @Qy
@y
þ p ¼ 0: ð6Þ
Following Reissner’s mixed variational principle [43] Eq. (6) is
added to the variation of the functional P using the Lagrange mul-
tiplier k(x,y). Replacing the strains in Eq. (5) with constitutive rela-
tions we ﬁnd,
d
1
2
Z lx
0
Z ly
0
Z zn
z0
~rTQ1k ~rþ~sTG1k ~s
 
dzdydx
(
Z zn
z0
I
C
ðrnun þ snsus þ snzwÞdsdzþ
Z lx
0
Z ly
0
k
@Qx
@x
þ @Qy
@y
þ p
 
dydx
)
¼ 0:
ð7Þ
Note, that in Eq. (7) we have neglected the effects of normal trans-
verse stress rz. This is in contradiction of Koiter’s Recommendation
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into account both transverse shear and normal stresses [44]. How-
ever, in the present work we are primarily interested in global buck-
ling effects rather than accurate localised ply-by-ply stresses.
Furthermore, as representative of common aerospace panels, the
thickness to length ratios of the analysed panels do not exceed
1:35. Under these circumstances the effects of transverse normal
stresses on the global elastic behaviour is considered to be negligi-
ble compared to the ﬁve other stress components (rx, ry, rxy, sxz,
syz).
After substituting Eq. (2) into Eq. (7) the variations with respect
to the unknown ﬁelds ~M and Lagrange multiplier k(x,y) are per-
formed using the calculus of variations. Thus,
dP ¼
Z lx
0
Z ly
0
d~Mðd~MÞþ
h
a~M þ ax @
~M
@x
þ ay @
~M
@y
þ axx @
2~M
@x2
þ ayy @
2~M
@y2
þ axy @
2~M
@x@y
 !
d~M
þ @
2k
@x2
ðdMxÞ þ 2 @
2k
@x@y
ðdMxyÞ þ @
2k
@y2
ðdMyÞ @
2Mx
@x2
þ 2 @
2Mxy
@x@y
þ @
2My
@y2
þ p
 !
ðdkÞdydx
þ
I
C
b~M þ bx @
~M
@x
þ by @
~M
@y
 !
d~M þ ðk wÞdQn
"
nx
@k
@x
þ u0x
 
dMx  ny @k
@x
þ u0x
 
þ nx @k
@y
þ u0y
  	
dMxy
ny
@k
@y
þ u0y
 
dMy


ds
ð8Þ
where nx and ny are the directional cosines of the tangent vector to
the boundary curve C, and a and b terms are 3  3 matrices that
represent the shear coefﬁcients of the present theory. To guarantee
that dP = 0 the coefﬁcients of the variations of ~M; Qn and k must
equate to zero in both the double and the line integrals. In this man-
ner, the governing ﬁeld equations are derived from the double inte-
grals and the pertinent boundary conditions from the line integrals,
dMx : ðd11 þ a11ÞMx þ ðd12 þ a12ÞMy þ ðd16 þ a13ÞMxy þ ax11
 @Mx
@x
þ ax12
@My
@x
þ ax13
@Mxy
@x
þ ay11
@Mx
@y
þ ay12
@My
@y
þ ay13
@Mxy
@y
þ axx11
@2Mx
@x2
þ axx12
@2My
@x2
þ axx13
@2Mxy
@x2
þ ayy11
 @
2Mx
@y2
þ ayy12
@2My
@y2
þ ayy13
@2Mxy
@y2
þ axy11
@2Mx
@x@y
þ axy12
@2My
@x@y
þ axy13
@2Mxy
@x@y
¼  @
2w
@x2
ð9aÞ
dMy : ðd12 þ a21ÞMx þ ðd22 þ a22ÞMy þ ðd26 þ a23ÞMxy þ ax21
@Mx
@x
þ ax22
@My
@x
þ ax23
@Mxy
@x
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@Mx
@y
þ ay22
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@y
þ ay23
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@y
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@2Mx
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@2Mx
@x@y
þ axy22
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@x@y
þ axy23
@2Mxy
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¼  @
2w
@y2
ð9bÞdMxy : ðd16 þ a31ÞMx þ ðd26 þ a32ÞMy þ ðd66 þ a33ÞMxy þ ax31
 @Mx
@x
þ ax32
@My
@x
þ ax33
@Mxy
@x
þ ay31
@Mx
@y
þ ay32
@My
@y
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@Mxy
@y
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@2Mx
@x2
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@x2
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@2Mxy
@x2
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 @
2Mx
@y2
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@2My
@y2
þ ayy33
@2Mxy
@y2
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@2Mx
@x@y
þ axy32
@2My
@x@y
þ axy33
@2Mxy
@x@y
¼ 2 @
2w
@x@y
ð9cÞ
dk :
@2Mx
@x2
þ 2 @
2Mxy
@x@y
þ @
2My
@y2
¼ p ð9dÞ
Thus, the ﬂexural behaviour of the plate for a speciﬁc transverse
loading p is described by just four unknown ﬁelds Mx, My, Mxy and
w that are related by the four differential Eq. (9). Note that the ef-
fects of transverse shear deformation are simply incorporated into
the present model by modiﬁying the classic constitutive relations
of CLA with higher order derivatives of the three moments. Thus
Eqs. 9a, 9c and 9d include differential terms ofMx,My andMxy mul-
tiplied by various a coefﬁcients that can be interpreted as trans-
verse shear ﬂexibilities.
The displacement boundary conditions are derived from the
coefﬁcients of the line integral,
dMx : b11Mx þ b12My þ b13Mxy þ bx11
@Mx
@x
þ bx12
@My
@x
þ bx13
 @Mxy
@x
þ by11
@Mx
@y
þ by12
@My
@y
þ by13
@Mxy
@y
 nx @w
@x
¼ nxu0x ð10aÞ
dMy : b21Mx þ b22My þ b23Mxy þ bx21
@Mx
@x
þ bx22
@My
@x
þ bx23
 @Mxy
@x
þ by21
@Mx
@y
þ by22
@My
@y
þ by23
@Mxy
@y
 ny @w
@y
¼ nyu0y ð10bÞ
dMxy : b31Mx þ b32My þ b33Mxy þ bx31
@Mx
@x
þ bx32
@My
@x
þ bx33
 @Mxy
@x
þ by31
@Mx
@y
þ by32
@My
@y
þ by33
@Mxy
@y
 nx @w
@y
 ny
 @w
@x
¼ nxu0y þ nyu0x ð10cÞ
dQn : k ¼ w ¼ w ð10dÞ
which have to be applied if the force boundary conditions
Mx ¼ Mx; My ¼ My; Mxy ¼ Mxy or Qn ¼ Qn are not speciﬁed.
2.3. Equivalent single-layer plate buckling problem
Since the in-plane stiffness matrix A varies spatially from point
to point for a VAT laminate, even constant applied edge loads or
displacements result in non-uniform in-plane stress distributions
rx(x,y), ry(x,y) and rxy(x,y). It is important to accurately determine
the in-plane stress distribution as an input to the buckling prob-
lem. By observation of Cauchy’s in-plane equilibrium equations,
@rx
@x
þ @rxy
@y
þ @rxz
@z
¼ 0
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@x
þ @ry
@y
þ @ryz
@z
¼ 0
the varying stress distributions rx(x,y), ry(x,y) and rxy(x,y) for a
VAT plate under pure in-plane loading may require transverse shear
stresses to satisfy equilibrium. However, in the present work the ef-
fect of transverse shear stresses on the pre-buckling problem is as-
sumed to be negligible such that any non-zero @rx/@x and @ry/@y
are assumed to be fully equilibrated by @rxy/@y and @rxy/@x respec-
tively. Substituting the constitutive relations for the in-plane load
resultants given by,
Nx ¼ A11 @u
@x
þ A12 @v
@y
þ A16 @u
@y
þ @v
@x
 
ð11aÞ
Ny ¼ A12 @u
@x
þ A22 @v
@y
þ A26 @u
@y
þ @v
@x
 
ð11bÞ
Nxy ¼ A16 @u
@x
þ A26 @v
@y
þ A66 @u
@y
þ @v
@x
 
ð11cÞ
where u and v are the mid-plane deformations in the deﬁned x- and
y-directions, into the in-plane equilibrium equations written in
terms of the stress resultants
@Nx
@x
þ @Nxy
@y
¼ 0 and @Nxy
@x
þ @Ny
@y
¼ 0 ð12a-bÞ
we get
A11u;xx þ 2A16u;xy þ A66u;yy þ A16v ;xx þ ðA12 þ A66Þv ;xy
þ A26v ;yy þ ðA11;x þ A16;yÞu;x þ ðA16;x þ A66;yÞu;y þ ðA16;x
þ A66;yÞv ;x þ ðA12;x þ A26;yÞv ;y
¼ 0 ð13aÞ
A16u;xx þ ðA12 þ A66Þu;xy þ A26u;yy þ A66v ;xx þ 2A26v ;xy
þ A22v ;yy þ ðA16;x þ A12;yÞu;x þ ðA66;x þ A26;yÞu;y þ ðA66;x
þ A26;yÞv ;x þ ðA26;x þ A22;yÞv ;y
¼ 0 ð13bÞ
which can be solved for u and v by prescribing the boundary condi-
tions u ¼ u or Nxy ¼ Nxy on x; u ¼ u or Nx ¼ Nx on y; v ¼ v or
Ny ¼ Ny on x and v ¼ v or Nxy ¼ Nxy on y. Once u and v are known
under the prescribed boundary conditions the in-plane stress resul-
tants N0x ; N
0
y ; N
0
xy are found using Eq. (11). Finally, the transverse
pressure p in Eq. (9d) is replaced by the out-of-plane components
of the in-plane stress resultants,
@2Mx
@x2
þ 2 @
2Mxy
@x@y
þ @
2My
@y2
¼ N0x
@2w
@x
þ 2N0xy
@2w
@x@y
þ N0y
@2w
@y
such that the eigenvalue problem of Eq. (9) can be solved.
2.4. Shallow shell model using ﬁrst order shear deformation theory
To model the VAT laminate as a moderately thick, 2D single-
layer shell as depicted in Fig. 3 we develop a formulation basedFig. 3. Schematic representation and curvilinear co-ordinate system (n1,n2,f) of a
doubly-curved shell.on the First Order Shear Deformation Theory (FSDT). In this respect
the following four assumptions are made [45],
1. Transverse normals to the reference surface of the shell before
deformation are inextensible.
2. Normals to the reference surface do not necessarily remain nor-
mal after deformation i.e. assumptions on the rotations of the
cross-section with respect to the undeformed state, /1 and /2,
are relaxed such /1–  @w/@n1 and /1–  @w/@n2.
3. The transverse normal stress may be neglected in comparison
with the stresses acting in the direction parallel to the reference
surface.
4. All strains are sufﬁciently small i.e.  1 and Hooke’s Law
applies.
Under these circumstances the FSDT displacement ﬁeld in
terms of the orthogonal curvilinear co-ordinates (n1,n2,f) shown
in Fig. 3 is assumed to be
uðn1; n2; fÞ ¼ u0ðn1; n2; fÞ þ f/1ðn1; n2; fÞ ð14aÞ
vðn1; n2; fÞ ¼ v0ðn1; n2; fÞ þ f/2ðn1; n2; fÞ ð14bÞ
wðn1; n2; fÞ ¼ w0ðn1; n2; fÞ ð14cÞ
where (u0,v0,w0) are the displacements of a point (n1,n2,0) on the
mid-surface of the shell, and /1 and /2 are the rotations of the
normal to the reference surface. It is shown in a number of works
[45–47] that the linear deformations in orthogonal curvilinear coor-
dinates of a general shell under these conditions are given by,
1 ¼ 
0
1 þ f11
1þ f=R1 ; 2 ¼
02 þ f12
1þ f=R2 ð15a-bÞ
6 ¼ x
0
1 þ fx11
1þ f=R1 þ
x02 þ fx12
1þ f=R2 ð15cÞ
4 ¼ 
0
4
1þ f=R2 ; 5 ¼
05
1þ f=R1 ð15d-eÞ
where
01 ¼
1
a1
@u0
@n1
þ v0
a2
@a1
@n2
þ a1
R1
w0
 
ð16aÞ
02 ¼
1
a2
@v0
@n2
þ u0
a1
@a1
@n2
þ a2
R2
w0
 
ð16bÞ
04 ¼
1
a2
@w0
@n2
þ a2/2 
a2
R2
v0
 
ð16cÞ
05 ¼
1
a1
@w0
@n1
þ a1/1 
a1
R1
u0
 
ð16dÞ
x01 ¼
1
a1
@v0
@n1
 u0
a2
@a1
@n2
 
; x02 ¼
1
a2
@u0
@n2
 v0
a1
@a2
@n1
 
ð16e-fÞ
11 ¼
1
a1
@/1
@n1
þ /2
a2
@a1
@n2
 
; 12 ¼
1
a2
@/2
@n2
þ /1
a1
@a2
@n1
 
ð16g-hÞ
x11 ¼
1
a1
@/2
@n1
 /1
a2
@a1
@n2
 
; x12 ¼
1
a2
@/1
@n2
 /2
a1
@a2
@n1
 
ð16i-jÞ
and the quantaties a1 and a2 are the curvilinear scale factors that
represent the length of the vectors tangent to curves of constant
n1 and n2. In the present work, ﬁbre angles may only vary in one
direction and are always symmetric about the centre of the panel.
In this case, only two possible cylindrical conﬁgurations, as shown
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is used to describe the ﬁbre paths and loads applied on the struc-
ture. The local co-ordinate system (x,y,z) is used to describe the
shell reference surface and deformation variables. The circumferen-
tial co-ordinate y is used in preference to an angular one (H) since it
results in simpler equations and allows for easier correlations be-
tween a curved and ﬂat panel [48]. Thus for cylindrical shells using
the co-ordinate convention described above Eq. (16) reduce greatly
in complexity since
n1 ¼ x; R1 ¼ 1; a1 ¼ 1n2 ¼ H ¼ y=R; R2 ¼ R; a2 ¼ R
In this analysis the radius of curvature of the panel R is calculated
from the thickness proﬁle th of the 3D structure. Since this is a trig-
onometric function of the shearing angle Eq. (1) the radius of curva-
ture may vary around the circumferential co-ordinate y as follows,
RðyÞ ¼ 1=j ¼ ð1þ @th=@yÞ
3=2
@2th=@y2
ð17Þ
to create a generally elliptic reference surface. Returning to the
kinematic Eq. (16) we see that for cylinders of elliptic cross-section
the only term that explicitly captures the change in radius of curva-
ture @a2/@n1 = @R(y)/@x must vanish. Thus, it is interesting to point
out that for VAT panels with ﬁbre variations in one direction the
partial derivative of R in the prismatic direction does not feature
in the governing equations. However, in the general case, with vary-
ing ﬁbre angles in both X and Y directions, the shape of the VAT pa-
nel may take on more complex, doubly-curved shapes. Based on
this premise, ﬁbre path optimisation studies regarding maximum
buckling loads may reveal entirely different and perhaps enhanced
optimal solutions compared with previous ﬂat plate analyses
[5,6,8,9]. Of course singly- or doubly-curved shells exhibit more
complex and often unstable post-buckling characteristics that have
to be accounted for. A general optimisation study investigating
these ideas will be the topic of future work.
Based on the observations made above, the linear kinematics of
Eq. (16) can be greatly simpliﬁed. In addition, these equations are
supplemented with the assumptions underlying Donnell’s non-lin-
ear theory for shallow shells [49]Fig. 4. Two VAT panels with corresponding thickness variations. Note that the co-ordinat
global co-ordinate system (X,Y,Z) used to deﬁning the ﬁbre orientations and applied loa1. The shell is sufﬁciently shallow such that L R and curvature
changes are small.
2. Shell deformations u and v are much smaller than the thickness
dimension h so that they are linear functions of w only. How-
ever, w can be of the same order as h.
3. Derivatives of w are small but their squares and products are of
the same order as the linear strains.
Following these assumptions the effect of f/R in the shell kine-
matics is neglected and the non-linear von Kármán strains applica-
ble for deformations dominated by the normal displacement w are
introduced. Thus the ﬁnal in-plane strain components are given by
x
y
xy
0
B@
1
CA ¼
1
2
6
0
B@
1
CAþ
1
2
@w0
@x
 2
1
2
@w0
@y
 2
@w0
@x
@w0
@y
0
BBB@
1
CCCA)
x
y
xy
0
B@
1
CA
¼
@u0
@x þ 12 @w0@x
 2
@v0
@y þ w0R þ 12 @w0@y
 2
@u0
@y þ @v0@x þ @w0@x @w0@y
0
BBB@
1
CCCAþ z
@/x
@x
@/y
@y
@/x
@y þ
@/y
@x
0
BB@
1
CCA)~ ¼~0 þ z~C
ð18Þ
Eq. (18) reveal the relative simplicity in which Donnell’s equations
incorporate the stretching–bending effect induced by the initial
curvature of the cylindrical shell compared to the more involved
Flügge deep-shell or Sanders equations. Compared to the kinemat-
ics of a ﬂat plate only the w/R term in the expression for y is intro-
duced to capture the change in circumference with changing radius
[48]. Finally, the transverse shear strains are given by,
cxz
cyz
 !
¼ k 5
4
 
¼ k
@w0
@x þ /x
@w0
@y þ /y  v0R
 !
ð19Þ
where the shear correction factor k = 5/6 has been introduced to ac-
count for the parabolic variation of shear strain through the thick-
ness. The governing equilibrium equations are derived using the
principle of virtual worke system (x,y,z) describing the shell reference surface is not always aligned with the
ds.
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Z
ðrxdx þ rydy þ rxydxy þ sxzdcxz þ syzdcyzÞdV

I
C
Z
ðrndun þ snsdus þ snzdwÞdzds ð20Þ
where rn; sns; snz are the prescribed stresses on the boundary con-
tour. The stress resultants per unit width are deﬁned as usual
ðNx;Ny;NxyÞ ¼
Z t=2
t=2
ðrx;ry;rxyÞdz ð21aÞ
ðMx;My;MxyÞ ¼
Z t=2
t=2
zðrx;ry;rxyÞdz ð21bÞ
ðQx;QyÞ ¼ k
Z t=2
t=2
ðsxz; syzÞdz ð21cÞ
The non-linear kinematics of Eqs. (18) and (19) are substituted into
Eq. (20) and the calculus of variations applied on the unknown
functional ﬁelds u0, v0, w0, /x and /y taking into account Eq. (21).
Thus the resulting Euler equations that deﬁne equilibrium are de-
ﬁned by
@Nx
@x
þ @Nxy
@y
¼ 0; @Nxy
@x
þ @Ny
@y
þ Qy
R
¼ 0 ð22a-bÞ
@Mx
@x
þ @Mxy
@y
 Qx ¼ 0;
@Mxy
@x
þ @My
@y
 Qy ¼ 0 ð22c-dÞ
@Qx
@x
þ @Qy
@y
 Ny
R
þ @
@x
Nx
@w0
@x
þ Nxy @w0
@y
 
þ @
@y
Ny
@w0
@y
þ Nxy @w0
@x
 
¼ 0 ð22eÞ
The Euler Eq. (22) above represent a system of ﬁve non-linear par-
tial differential equations for the coupled stretching–bending prob-
lem of a cylindrical shell that can be solved for the ﬁve unknown
ﬁelds u, v, w, /x and /y when the boundary conditions in Eq. (23)
are speciﬁed
u ¼ u or Nxnx þ Nxyny ¼ N

xnx þ N

xyny ð23aÞ
v ¼ v or Nxynx þ Nyny ¼ N

xynx þ N

yny ð23bÞ
/x ¼ /x or Mxnx þMxyny ¼ M

xnx þM

xyny ð23cÞ
/y ¼ /y or Mxynx þMyny ¼ M

xynx þM

yny ð23dÞ
w ¼ w or ðNxnx þ NxynyÞ @w
@x
þ ðNxynx þ NynyÞ @w
@y
þ Qxnx
þ Qyny
¼ Q

xnx þ Q

yny ð23eÞ
The set of non-linear differential Eq. (22) are reduced to an inﬁ-
nite set of linear differential equations by expanding the unknown
functional ﬁelds in a power series of an arbitrary perturbation
parameter a about the point of buckling. Since we are dealing with
a coupled stretching–bending problem all unknown functional
ﬁelds have to be expanded in terms of both even and odd powers
of the arbitrary perturbation parameter. Likewise it is required to
expand the internal stress resultants in terms of the arbitrary
parameter. Thus,
~U ¼ ðu0 v0 w0 /x /yÞT
~F ¼ ðNx Ny Nxy Mx My Mxy Qx QyÞT~U;~F
 
¼ ~U0;~F0
 
þ ~U1;~F1
 
aþ ~U2;~F2
 
a2 þ   
¼
X1
i¼0
~UðiÞ;~FðiÞ
 
ai ð24Þ
where the variables multiplied with the a0 and a1 are the displace-
ments and stress resultants corresponding to the pre-buckling and
buckling solutions respectively. The higher order variables are those
related to the post-buckling solutions.
For a shell of N anisotropic layers the constitutive law for each
layer k is given by
rx
ry
sxz
syz
rxy
0
BBBBBB@
1
CCCCCCA
ðkÞ
¼
Q11 Q12 0 0 Q16
Q12 Q22 0 0 Q26
0 0 Q44 Q45 0
0 0 Q45 Q55 0
Q16 Q26 0 0 Q66
2
6666664
3
7777775
ðkÞ x
y
cxz
cyz
xy
0
BBBBBB@
1
CCCCCCA
ð25Þ
where the in-plane transformed stiffnesses Qij i, j = 1, 2, 6 are de-
ﬁned as in CLA [17]. The transverse stiffness terms for a layer kwith
angle hk to the principle material coordinates are given by
Q

44 ¼ Q44 cos2 hk þ Q55 sin2 hk ð26aÞ
Q

45 ¼ ðQ55  Q44Þ cos hk sin hk ð26bÞ
Q

55 ¼ Q55 cos2 hk þ Q44 sin2 hk ð26cÞ
with Q44 ¼ G23 and Q55 ¼ G13 ð26dÞ
It is clear from Eq. (26c) that if the condition of transverse orthotro-
py is assumed such that G13 = G23, the coupling term Q

45 vanishes.
Integrating the stresses of Eq. (25) through the thickness in regard
of Eqs. (18), (19) and (21) we get,
~N
~M
 !
¼ A B
B D
 

~0
~C
 !
ð27aÞ
Qx
Qy
 
¼ k A44 A45
A45 A55
 
 @w0
@x þ /x
@w0
@y þ /y  v0R
 !
ð27bÞ
where the laminate stiffness terms A(X,Y), B(X,Y) and D(X,Y) are de-
ﬁned as in CLA but may vary depending upon the location (X,Y) on
the shell reference surface. The analysis in this work is restricted to
symmetric VAT laminates such that the coupling matrix B vanishes
and is disregarded hereon. Writing the stress resultants of Eq. (27)
using the perturbed expansion of the displacements given in Eq.
(24) the stress resultants in terms of the perturbation parameter
a are obtained. In the following, only the ﬁrst two terms of the inﬁ-
nite series are explicitly shown since in this study we are primarily
interested in the pre-buckling and buckling solutions. Thus,
Nx
Ny
Nxy
0
B@
1
CA ¼
A11 A12 A16
A12 A22 A26
A16 A26 A66
2
64
3
75
@u00
@x
@v00
@y þ
w00
R
@u00
@y þ
@v00
@x
0
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1
CCCCAa0 þ
@u10
@x þ
@w00
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@x
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@y þ
w10
R þ
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@y
@w10
@y
@u10
@y þ
@v10
@x þ
@w00
@x
@w10
@y þ
@w10
@x
@w00
@y
0
BBBB@
1
CCCCAa1 þ a2 ½. . . þ . . .
8>><
>>:
9>>=
>>;
ð28aÞ
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2
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@/1y
@y
@/1x
@y þ
@/1y
@x
0
BBB@
1
CCCAa1 þ a2 ½. . . þ . . .
8>><
>>:
9>>=
>>;
ð28bÞ
Qx
Qy
 
¼ k A44 A45
A45 A55
 
 @w00
@x þ /0x
@w00
@y þ /0y 
v00
R
0
@
1
Aa0 þ @w
1
0
@x þ /1x
@w10
@y þ /1y 
v10
R
0
@
1
Aa1 þ a2 ½. . . þ . . .
8<
:
9=
; ð28cÞ
where we have assumed that the partial derivatives of @w00=@x and
@w00=@y are negligible in the pre-buckling problem. Since the pertur-
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the coefﬁcient of each parameter a(n) is set equal to zero. Substitut-
ing the perturbed stress resultant expressions of Eq. (28) into the
governing partial differential Eq. (22) and enforcing the require-
ment of vanishing coefﬁcients we obtain an inﬁnite set of linear
equations,
@N0x
@x þ
@N0xy
@y ¼ 0
@N0xy
@x þ
@N0y
@y þ
Q0y
R ¼ 0
@M0x
@x þ
@M0xy
@y  Q0x ¼ 0
@M0xy
@x þ
@M0y
@y  Q0y ¼ 0
@Q0x
@x þ
@Q0y
@y 
N0y
R ¼ 0
9>>>>>>>>=
>>>>>>>>;
ð29Þ
@N1x
@x þ
@N1xy
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@N1xy
@x þ
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@y þ
Q1y
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@x þ
@M1xy
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@M1xy
@x þ
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@x þ
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R þ @@x N1x
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@x þ N0x
@w10
@x þ N1xy
@w00
@y þ N0xy
@w10
@y
 
þ @
@y N
1
y
@w00
@y þ N0y
@w10
@y þ N1xy
@w00
@x þ N0xy
@w10
@x
 
¼ 0
. . . . . . . . .
9>>>>>>>=
>>>>>>>;
ð30Þ
where the ﬁrst set of Eq. (29) is solved to obtain the pre-buckling
solution u00;v00;w00;/
0
x ;/
0
y
 
for a given set of boundary conditions,
whereupon the second set of Eq. (30) is solved to obtain the buck-
ling eigenvalues. Buckling is assumed to be an instantaneous event
such that there can be no change in load or displacement on the
boundary. Thus non-zero boundary conditions of the pre-buckling
problem are now set to zero in the buckling problem.
2.5. Differential quadrature method
Recently, the Differential Quadrature Method (DQM) has been
shown to be a fast, accurate and computationally efﬁcient tech-
nique for solving the variable coefﬁcient, higher order differential
equations for bending [18], buckling [7] and post-buckling [50]
of VAT plates. In the latter study the accuracy of the DQM approach
was validated for a number of free, simply-supported and clamped
plate boundary conditions. In comprehensive surveys by Viola,
Tornabene and Fantuzzi the DQM was effectively applied to ana-
lyse the free vibration [51,52] and static behaviour [53] of dou-
bly-curved, straight ﬁbre laminates based on a large number of
higher-order shear deformation theories.
Differential quadrature is a numerical discretization technique
that approximates the partial derivatives of a functional ﬁeld with
respect to a speciﬁc spatial variable using a linear weighted sum of
all the functional values in the domain. For example, the nth partial
derivative at the ith discretization point is,
@nf ðxiÞ
@xn
¼ AðnÞij f ðxjÞ i ¼ 1;2; . . . ;N
where xi is the set of discretization points in the x-direction, typi-
cally deﬁned by the non-uniform Gauss–Labotto–Chebychev
distribution,
xi ¼ 12 1 cos
i 1
N  1p
  

; i ¼ 1;2; . . . ;N ð31Þ
where Anij are the weighting coefﬁcients of the nth derivative and re-
peated index j means summation from 1 to N. The weighting coef-
ﬁcients are determined by approximating f(x) using test functions.
In this work, Lagrange polynomials deﬁned by Quan and Chang
[54] are used,gkðxÞ ¼
MðxÞ
ðx xkÞMð1ÞðxkÞ
; k ¼ 1;2; . . . ;N
where MðxÞ ¼
YN
j¼1
ðx xjÞ; Mð1ÞðxiÞ ¼
YN
k¼1;k–i
ðxi  xkÞ
) Að1Þij ¼
1
xj  xi
YN
k¼1;k–i;j
xi  xk
xj  xk ; for i– j
and Að1Þii ¼
XN
k¼1;k–i
1
xi  xk
ð32Þ
The higher order weighting coefﬁcients are then obtained by direct
matrix multiplication: [A(m)] = [A(1)][A(m1)], m = 2, 3, . . . , N  1 [55].
Thus, a differential equation is reduced to a system of algebraic
equations, with each equation corresponding to a gridpoint in the
domain, such that the unknown functional values at each gridpoint
are found by solving the system of equations with the appropriate
boundary conditions. Using this technique the in-plane problem
for the non-symmetric ﬂat plate of Eq. (13) is written as
K1u K1v
K2u K2v
 

~u
~v
 
¼ 0
0
 
) K~U ¼ 0 ð33Þ
and once~u and~v are known across the plate, the general eigenvalue
problem deﬁned by Eq. (9) is solved,
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where k is the buckling eigenvalue, K is a matrix of DQ coefﬁcients,
bending ﬂexibilities and shear coefﬁcients, ~X the vector of unknown
functional values at the grid points, and N a matrix of DQ coefﬁ-
cients multiplied by pre-buckling in-plane stress resultants. Of
course, the same methodology can be applied for solving the shell
buckling problem. In this case ﬁve differential equations are discre-
tised for both the pre-buckling and buckling problems since the in-
plane and out-of-plane behaviours are coupled.
The boundary equations can be discretised in a similar fashion
and then applied using Shu and Du’s general approach [56]. Here
the discretised mesh is separated into functional unknowns ~Ub
on the boundary and functional unknowns ~Ui in the interior. By
discretising the ﬁeld equations at the interior points and the
boundary conditions at the boundary points we get,
Field :½Kib  ~Ub þ ½Kii  ~Ui ¼ k½Nii~Ui
Boundary :½Kbb  ~Ub þ ½Kbi  ~Ui ¼ 0
) f½Kii  ½Kib½Kbb1½Kbi  k½Niig~Ui ¼ 0
)ðK kNÞ~Ui ¼ 0
and thus the buckling eigenvalue and mode shape is found. It is
important to point out that the DQ stiffness matrices are densely
populated, and due to the variable coefﬁcient nature of the differen-
tial equations, different rows of the matrices [Kii] and [Kbb] can have
largely different magnitudes. To condition these matrices each row
is multiplied by a unique normalisation factor. This normalisation
vector is calculated from the arithmetic mean of the absolute values
of all elements in the matrix divided by the maximum absolute va-
lue of the elements along each row.
3. Results and model validation
Both the ﬂat plate and curved panel models were used to sim-
ulate the buckling behaviour of a square VAT laminate with unit
in-plane dimensions (lx = ly = 1) under four different boundary con-
ditions A1, A2, B1 and B2 illustrated in Fig. 5a and b. For case A the
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case B they are constrained. Note, that since the ﬁbre orientations
may vary along the edges the boundary can deform if it is free to do
so (see Fig. 5a). For both cases A and B all four edges of the panel
were either pinned (A1 and B1) or clamped (A2 and B2). Finally,
in all four cases a uniform end-shortening of DX = 1 mm was ap-
plied. As is apparent from Fig. 4, in the local shell co-ordinate sys-
tem this corresponds to an applied loading in terms of v0 and u0 for
ﬁbre variations in the X- and Y-directions respectively.
Orthotropic carbon-epoxy material properties were deﬁned as
E11 = 150 GPa, E22 = 8.8 GPa, G12 = 4.8 GPa, G13 = G23 = 4 GPa and
v12 = 0.35. Simulations were run on several symmetric 4-ply VAT
laminates with nominal span to thickness ratios (L/t) of 100:1
and 50:1. For a 4-ply [90 ± h0j70i]s these aspect ratios would re-
duce by a factor of 3 in the areas of maximum thickness build-
up, thereby accentuating transverse shear effects.
The numerical results were veriﬁed using the FEM package
ABAQUS by creating both the non-symmetric plate and symmetric
shell models using quadratic 2D S8R FSDT elements. In order to
represent the VAT ﬁbre and thickness distributions a unique
straight ﬁbre composite layup was deﬁned for each S8R element
on the reference surface. However, for the non-symmetric plate
the element offset was set relative to Curve 2 shown in Fig. 1 in or-
der to model the non-symmetric thickness variation. Furthermore
a 3D model of the real structure, meshed using linear C3D8R brick
elements with enhanced hourglassing control, was created to serve
as the benchmark for all results. For this 3D model the variable
thickness outline of the VAT panel was created as a solid part
and then uniformly meshed using a single brick element per ply.
The variable ﬁbre paths were discretised by assigning rotated
material orientations for each element depending on its location
in the XYZ-space. Mesh convergence studies were performed for
each conﬁguration to ﬁnd the number of DQ grid points/FE ele-
ments (N) required in the X- and Y-directions for the DQM/FE anal-
ysis to obtain converged results. Subsequently, meshsizes of
NDQ = 20  20, N2D = 50  50 and N3D = 4  40  40 were used
throughout the analyses.
Tables 1 and 2 compare the numerical results obtained by the
two analytical models (DQ Plate and DQ Shell) with the three
FEM solutions for a [0 ± h45j0i]s and a [90 ± h0j45i]s laminate. The
buckling mode shape of a [90 ± h0j45i]s laminate under Case A1
boundary conditions obtained by the DQ Plate and DQ Shell models
are compared to the 3D FEM solution in Fig. 6. The mode shapes
can be seen to be very similar and had same accuracy for all con-
ﬁgurations tested.Fig. 5. VAT plate illustrating the four differTables 1 and 2 show that the results of the DQ plate model cor-
relate closely with the 2D FE plate analysis for all conﬁgurations.
Since the 2D FE code in ABAQUS directly solves the coupled
stretching–bending problem of the non-symmetric plate, this cor-
relation suggests that the reduced stiffness approach employed in
the DQ plate model is accurate for these laminates. The DQ shell
and 2D FE shell results are similarly well correlated with good
overall accuracy compared to the 3D FE benchmark. Since
pre-buckling transverse shear effects were ignored in the DQ plate
theory but are incorporated in the 2D FE plate model, it can be con-
cluded that transverse shear effects, on prebuckling, are largely
negligible for linear ﬁbre variations with local length to thickness
ratios of up to L/t = 35:1.
The results of the DQ plate and 2D FE plate models generally
correlate well with the 3D FEM results. Most results are within
5% of the full 3D FE solution and for a number of conﬁgurations
the results are within 1%. On the other hand, Table 1 clearly high-
lights a striking inaccuracy for both laminates under boundary
condition B1. In this case the DQ plate and 2D FE buckling eigen-
values are actually lower than the 3D FEM benchmark. One would
actually expect the results of the 3D model to be lower since the
effects of transverse normal stresses are taken into account to give
more degrees of freedom. One explanation for this is because the
ﬂat plate model disregards the added stiffness effects of the initial
curvature. Apart from two exceptions the 2D FE shell results are al-
ways closer to the 3D FE benchmark than the 2D FE plate results.
Even though this trend is not as pronounced for DQ plate compared
to DQ shell results, the general trend is for the shell results to be
more closely matched to the 3D FE benchmark.
Tables 1 and 2 also shows that this trend varies with the lami-
nate conﬁguration and type of boundary condition. Indeed, Fig. 7a
shows that both the DQ shell and 2D FE shell models are increas-
ingly more accurate as the ﬁbre angle T2, and therefore degree of
initial curvature, is increased for a pinned [90 ± h0jT2i]s laminate.
Here the variations in ﬁbre angle have been constrained to 70
since this represents the manufacturing limit of the CTS technique.
At this maximum steering angle of T2 = 70 the predictions of both
the 2D FE and DQ plate models are conservative by a considerable
margin of 26%. A similar observation is made for increasing angle
T1 for a [0 ± hT1j0i]s laminate in Fig. 7b, where the discrepancy is
22%. Comparing this to Fig. 7c and d clamping the edges of the pa-
nel reduces the importance of initial curvature on the buckling re-
sults such that the 2D FE plate model remains accurate even for
high steering angles. In Fig. 7b and d it can be seen that for high
steering angles the DQ plate solution diverges from the 2D FE plateent boundary conditions investigated.
Table 1
Comparison of DQM Plate, 2D FEM Plate, DQM Shell, 2D FEM Shell and 3D FEM buckling eigenvalues (mm) for various VAT laminates with pinned edges and boundary conditions
A1 and B1.
Laminate L/t (nominal,thickest) DQ Plate FEM S8R Plate DQ Shell FEM S8R Shell FEM C3D8R
A1: All edges pinned. Transverse edges free
[0 ± h45j0i]s 100, 70 0.186 0.180 0.192 0.180 0.185
50, 35 0.731 0.710 0.705 0.712 0.747
[90 ± h0j45i]s 100, 70 1.044 1.050 1.042 1.043 1.018
50, 35 4.031 4.100 4.076 4.090 3.863
B1: All edges pinned. Transverse edges constrained
[0 ± h45j0i]s 100, 70 0.090 0.090 0.092 0.091 0.092
50, 35 0.355 0.354 0.334 0.340 0.391
[90 ± h0j45i]s 100, 70 0.370 0.359 0.381 0.388 0.406
50, 35 1.443 1.409 1.428 1.526 1.744
Table 2
Comparison of DQM Plate, 2D FEM Plate, DQM Shell, 2D FEM Shell and 3D FEM buckling eigenvalues (mm) for various VAT laminates with clamped edges and boundary
conditions A2 and B2.
Laminate L/t (nominal,thickest) DQ Plate FEM S8R Plate DQ Shell FEM S8R Shell FEM C3D8R
A2: All edges clamped. Transverse edges free
[0 ± h45j0i]s 100, 70 0.506 0.482 0.481 0.482 0.497
50, 35 1.883 1.834 1.8 1.839 1.873
[90 ± h0j45i]s 100, 70 1.483 1.492 1.488 1.492 1.534
50, 35 5.560 5.676 5.679 5.677 5.663
B2: All edges clamped. Transverse edges constrained
[0 ± h45j0i]s 100, 70 0.256 0.237 0.239 0.238 0.238
50, 35 0.969 0.906 0.893 0.909 0.915
[90 ± h0j45i]s 100, 70 0.785 0.743 0.735 0.743 0.742
50, 35 2.951 2.838 2.804 2.846 2.835
Fig. 6. Buckling mode shape of a [90 ± h0j45i]s laminate under Case A1.
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stretching coupling effects increase with steering angle, the
approximate solution based on the reduced stiffness matrices be-
comes increasingly inaccurate.
In Fig. 7c it is also observed that the DQ plate results are inac-
curate beyond the T2 = 30 datapoint and do not follow the general
trend of the other curves. We believe this happens due to numer-
ical ill-conditioning. In the governing differential Eqs. 9a, 9b and 9c
some of the moment terms are multiplied by the ﬂexibility terms
dij which can be up to 15 orders of magnitude lower than the DQ
weighting coefﬁcients of the geometric curvature terms (e.g. @2w/
@x2). Thus elements along the rows of the stiffness matrix K, where
each row corresponds to the governing equation at a certain grid-
point, can be of largely different magnitudes. Under these condi-
tions the matrix can have a non-zero determinant but the 2-norm condition number may be large leading to an ill-conditioned
matrix. Thus, the use of dij ﬂexibility terms is an inherent drawback
of the chosen theoretical framework in terms of solving the prob-
lem numerically using the DQ method. This numerical instability is
not encountered to the same extent in the FSDT shell model since
the A and Dmatrices are of similar orders of magnitude as the geo-
metric curvature terms. However, the assembled DQ stiffness ma-
trix K is naturally dense, non-symmetric and relatively large due to
solving a system with 4 or 5 unknown functional ﬁelds
(1600  1600 or 2000  2000 for N = 20  20). It was observed that
for some boundary conditions and ﬁbre variations the condition
number of K for the buckling problem increases with steering an-
gle as shown for two cases in Table 3. Furthermore, even for the
straight ﬁbre laminate the condition number is indeed very high.
In the equivalent cases of solving the equations using CLA (i.e. only
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Fig. 7. Comparison of DQ Plate, DQ Shell, 2D FE Plate, 2D FE Shell and 3D FEM buckling eigenvalue kcr vs. versus ﬁbre angle T1 or T2 for either clamped or pinned edges with
transverse edges constrained.
Table 3
Condition number of the DQ stiffness matrix K when solving the buckling problem with increasing steering angle.
[0 ± hT1j0i]s DQ Shell under Case A2
T1 0 15 30 45 60 70
Cond (K) 1.26E+16 1.70E+17 4.64E+16 2.59E+16 2.83E+16 8.74E+16
[90 ± h0jT2i]s DQ Plate under Case B2
T2 0 15 30 45 60 70
Cond (K) 4.68E+08 5.15E+08 9.45E+08 3.19E+09 9.71E+09 1.44E+11
492 R.M.J. Groh, P.M. Weaver / Composite Structures 107 (2014) 482–493three variables u, v, w) produces 1e3 < cond (K) < 1e4. Thus apply-
ing the DQM to solve the buckling problem of variable angle, var-
iable thickness laminates using enhanced shear models may cause
large, dense matrices that introduce numerical inaccuracies. To im-
prove the accuracy and stability in the future, pre-conditioning
techniques and DQ schemes that produce box-banded or uniformly
banded weighting matrices will be tested.
Finally, it is observed in Fig. 7b and c that the DQ shell results
are slightly lower than the 2D FE shell results for values of T1
and T2 greater than 60. One explanation for this could be ill-con-
ditioning effects as discussed above, since for T1, T2 > 60 both the
DQ plate and shell results are seen to diverge. However, for the pa-
nel dimensions assumed here high shearing angles create local ra-
dius of curvature to length ratios (R/L) close to 1.5:1. Under these
circumstances the assumption of a shallow shell is unjustiﬁedand a non-shallow shell representation such as the Sanders–Koiter
non-linear theory [57] would be expected to be more accurate.
4. Conclusions
The Continuous Tow Shearing technique recently developed to
improve the manufacture of laminates with variable angle tows,
produces laminates with a ﬂat proﬁle on one side and a smooth
curved proﬁle on the other. The buckling behaviour of such lami-
nates with prismatic ﬁbre variations and symmetric stacking
sequences was investigated based on the premise that the three-
dimensional proﬁle can either be modelled as a ﬂat, non-symmet-
ric plate or a cylindrical, symmetric panel. In both approaches the
effects of transverse shear deformation were taken into account.
The governing differential equations were solved in the strong
R.M.J. Groh, P.M. Weaver / Composite Structures 107 (2014) 482–493 493form using the Differential Quadrature method and shown to be in
good agreement with 2D ﬁnite element models based on the same
assumptions. It was shown that the analytical and ﬁnite element
models based on the cylindrical shell formulation correlate closest
when compared to the 3D benchmark. Thus it is suggested that the
buckling event of these variable angle tow, variable thickness lam-
inates is characterised more accurately by ‘‘shell-like’’ than by
‘‘plate-like’’ behaviour.
However, further analytical and experimental evidence in terms
of the post-buckling path of the 3D structure is needed in order to
clarify this concept in detail. Unstable load drops in the post-buck-
ling regime would point towards ‘‘shell-like’’ behaviour and vali-
date the ﬁndings of the present work. Nonetheless, the CTS
technique creates the possibility of designing smooth, curved pan-
els which add another dimension to the optimisation problem of
laminates with variable angle tows. Finally, by extending the anal-
ysis to laminates with non-prismatic ﬁbre variations the idea of
increasing the buckling loads by inducing more complex, doubly
curved proﬁles is proposed.
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